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ABSTRACT:
Personal audio provides private and personalized listening experiences by generating sound zones in a shared space
with minimal interference between zones. One challenge of the design is to achieve the best performance with a
limited number of microphones and loudspeakers. In this paper, two modal domain methods for personal audio
reproduction are compared. One is the spatial harmonic decomposition (SHD) based method and the other is the
singular value decomposition (SVD) based method. It is demonstrated that the SVD based method provides a more
efficient modal domain decomposition than the SHD method for 2.5 dimensional personal audio design. Simulation
results show that the SVD based method outperforms the SHD one by up to 10 dB in terms of acoustic contrast and
up to 17 dB in terms of reproduction error for a compact arc array with five loudspeakers, while requiring fewer
microphones around the zone boundaries. The SVD based method retains the inherent efficiency of optimizing in a
modal domain while avoiding the inherent geometric limitations of using SHD basis functions. Thus, this approach
is advantageous for applications with flexible system geometries and a small number of loudspeakers and
microphones.VC 2020 Acoustical Society of America. https://doi.org/10.1121/10.0000474
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I. INTRODUCTION
Personal audio systems generate separate sound zones
for each listener in a shared space with minimized interfer-
ence between zones through a set of loudspeakers
(Betlehem et al., 2015). The pressure matching method is
widely used for the sound zone reproduction, which com-
bines acoustic transfer functions and least squares optimiza-
tion to minimize the error between the reproduced and
target sound fields at a number of control points (Poletti,
2008). However, it is not always practical to obtain the
required large number of transfer functions between the
loudspeakers and the zones.
To address this, the modal decomposition methods
have been introduced to represent a sound field as a super-
position of basis sound fields. The spatial harmonic decom-
position based modal domain (SHDMD) method can
parameterize acoustic transfer functions efficiently with a
small number of orthogonal basis functions (Betlehem and
Abhayapala, 2005; Samarasinghe et al., 2015). The local
sound field coefficients for each sound zone are then trans-
formed to the equivalent global sound field coefficients
using spatial harmonic coefficient translation between coor-
dinate systems, allowing loudspeaker signals to be obtained
through mode matching (Wu and Abhayapala, 2011).
However, because only a limited number of spatial
harmonics are used in the decomposition, the SHDMD
method suffers performance degradation, especially when
the zones are not in the center of the array, or a non-circular
loudspeaker array is used. Because practical personal audio
systems usually only have a limited number of loudspeakers
(Cheer et al., 2013a; Cheer et al., 2013b; Galvez et al.,
2014; Choi and Ji, 2016), a modal domain method with
fewer geometric limitations is desirable.
An alternative modal domain approach uses singular
value decomposition (SVD) to parameterize the acoustic
transfer function matrices, where the loudspeaker weights for
sound reproduction are reformulated by the loudspeaker-
space modes. This SVD based modal domain (SVDMD)
method has been previously studied for sound field recon-
struction (Fazi, 2010), beamforming (Fazi et al., 2014) and
ultrasound (Tanter et al., 2000), where the response matrix
from an array to a set of control points is used to produce a
desired field. When SVD is applied to personal audio repro-
duction (Zhu et al., 2019), the weights of the loudspeaker-
space modes are obtained by optimizing the compatibility
between the capabilities of the listening zone and quiet zone
modes for creating a listening zone and a quiet zone.
The relationship between the SHD and SVD based
modes was investigated for the sound radiation and scatter-
ing analyses (Nelson and Kahana, 2001) and sound field
reconstruction (Fazi and Nelson, 2007). In a spherical coor-
dinate system, when the source points and the field points
are chosen to sample the source and field appropriately, the
matrices of left and right singular vectors obtained from
SVD are related to the sampled spherical harmonics by a
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unitary transformation (Nelson and Kahana, 2001). Sound
field reconstruction using SHD in a three dimensional (3D)
space can thus be regarded as a special case of that using
SVD which employs regularly distributed monopole-like
loudspeakers over the surface of a sphere (Fazi and Nelson,
2007). The relationship between these two modal
approaches has not been investigated in the context of per-
sonal sound zones, where the reproduction over multiple
local regions rather than a global region is pursued.
In our previous work (Zhu et al., 2019), we proposed
using the SVDMD method for geometric optimization of
sound zone systems. The SVDMD method retains the
advantage of modal domain transfer function parameteriza-
tion, and suffers fewer geometric limitations than the
SHDMD. In this paper, we will compare the two modal
domain methods for personal audio reproduction and dem-
onstrate the advantages of the SVDMD method over the
state-of-the-art optimization in the SHDMD (Zhang et al.,
2018). The contributions of this work are as follows:
(1) We present new insights into the relationship between
the SHD and SVD modes for 2.5 dimensional sound
zone control. While the two sets of modes perform simi-
larly when sufficient loudspeakers are distributed evenly
over a circular boundary surrounding the controlled two
dimensional (2D) space (the geometry favored by
SHDMD), the SVD modes are inherently more flexible
and readily adapted to other geometries (Sec. II).
(2) We show that the SVDMD method requires fewer
acoustic transfer function measurements than the
SHDMD method when a limited number of loud-
speakers partially cover the controlled space for sound
reproduction (Sec. III).
(3) We show that the SVDMD method results in improved
acoustic contrast and sound field reconstruction performance
over a range of system (loudspeaker and zone) geometries
compared to the SHDMDmethod under both free field (Sec.
IV) and reflective room environments (Sec. V).
II. SOUND FIELD PARAMETERIZATION
This section first introduces the sound field parameteri-
zation, either using spatial harmonic decomposition or sin-
gular value decomposition, and then presents a comparison
of the two approaches with examples.
Assume a sound zone q in the horizontal plane has a
radius Rq and its center is denoted by Oq. In the spatial har-
monic decomposition, the sound pressure at any observation
point x ¼ ðr; hÞ within the sound zone, having a radius r
and an azimuth angle h with respect to Oq, can be expressed
as (Williams, 1999)
P qð Þ x; kð Þ 
XNq
m¼Nq
a
qð Þ
m kð ÞJm krð Þejmh; (1)
where k ¼ 2pf=c is the wavenumber with frequency f and
the speed of sound propagation is c. aðqÞm ðkÞ is the
corresponding coefficient of the mth 2D spatial harmonic
function JmðkrÞejmh, and JmðÞ is the cylindrical Bessel
function of order m. Nq is the truncation order of the local
sound field defined as Nq ¼ dekRq=2e (Kennedy et al.,
2007), where de denotes the ceiling function and e is
Euler’s number. The coefficients aðqÞm ðkÞ, m ¼ Nq, …, Nq,
are obtained by the discrete spatial Fourier transform
(Betlehem and Abhayapala, 2005), which requires at least
(2Nqþ 1) sound pressure measurements uniformly distrib-
uted over the circular zone boundary. The transfer function
matrix between the loudspeakers and the sound zone q can
be parameterized as a ð2Nq þ 1Þ  L matrix C, where L is
the number of loudspeakers for reproduction. The mth
row and lth column element of C is the coefficient of the
(mNq 1)th spatial harmonic function of the local sound
field generated by the lth loudspeaker.
In the SVDMD method, Gq is defined as an M  L
transfer function matrix between the loudspeakers and the
sound zone q, where L is the number of loudspeakers for
reproduction and M is the number of control points in the
zone. Each element of Gq includes the sound propagation
attenuation and delay between the corresponding loud-
speaker and control point. The transfer function matrix Gq
is decomposed by using SVD, as
Gq ¼ UqRqVHq ; (2)
where Uq is a M M unitary matrix, Vq is a L L unitary
matrix, and Rq is a M  L diagonal and real valued matrix.
The columns of Uq are the modes of the sound zone space
with M being their degrees of freedom; the columns of Vq
are the modes of the loudspeaker space in the system with
L being their degrees of freedom (Fazi, 2010). Assuming
M > L (the number of control points in the zone is larger
than the number of loudspeakers), the number of the degrees
of freedom of the sound propagation channel is determined
by the number of loudspeakers.
It is shown that the parameterizations of the acoustic
transfer functions using SHD or SVD are similar for 2D
sound reproduction when monopoles are distributed uni-
formly over the circular boundary to reproduce a concentric
sound zone in free field (Nelson and Kahana, 2001; Fazi
and Nelson, 2007). Specifically, the reproduced sound fields
that use each mode of the loudspeaker space (column of Vq)
as weights of these monopoles are similar to the sound
fields determined by each of the first L order cylindrical har-
monics. However, the SHD and SVD modes are different
from the following three aspects.
First, the magnitude and phase patterns between the
SHD and SVD modes over the sound zone are different. As
shown in Eq. (1), the magnitude of the SHD modes depends
only on the radius rq and the phase depends only on the azi-
muth hq, while the magnitude and phase of the SVD modes
depend on both rq and hq, as shown in Figs. 1(a) and 1(b)
for the first five SHD modes (cylindrical harmonics) and the
first five SVD modes reproduced by a 60-unit circular array.
The system configuration for the SVD modes is detailed in
Sec. IVA.
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Second, when applying a non-concentric sound zone
(which is not concentric with the circular loudspeaker array)
or non-circular loudspeaker array, the modes of the sound
zone space in the SVDMD method are similar to but not
exactly the same as the first L order cylindrical harmonics.
This is illustrated by Fig. 1, where the zone center is located
at (0.50, 0.00) m, rather than (0.00, 0.00) m. Because
more than one zone is considered in personal audio, at least
one zone is outside of the array center. This difference in
the controlled modes parameterized in the local sound field
FIG. 1. (Color online) The spatial distribution of the amplitude and phase at 1 kHz of the SHD modes and SVD modes of the sound zone centered at (0.50,
0.00) m with a radius of 0.15m. (a) The first five cylindrical harmonics used in the SHDMD method. (b) The first five SVD modes reproduced by a 60-unit
circular array. (c) The five SVD modes reproduced by a five-unit arc-shaped array. The sound zone is denoted by the red circle. The circular and arc-shaped
arrays are introduced in Sec. IV with Fig. 3(a).
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expression affects the performance achieved by the
SHDMD and SVDMD methods.
Last, the SVD modes are adaptive to the system geom-
etry of the loudspeakers and the controlled region, allowing
the system’s spatial sound propagation feature to be incor-
porated into the basis of sound field parameterization.
Figure 1(c) shows the five SVD modes reproduced by a
five-unit arc-shaped array, where the SVD modes are differ-
ent from the SHD modes [which remain the same as those
in Fig. 1(a) for any number of loudspeakers in any position].
The arc-shaped array is a sub-array of the circular array in
Fig. 1(b). With reduced spatial sound propagation coverage
over the controlled region, the basis sound fields in Fig. 1(c)
present sharper sound orientation range throughout the con-
trolled region than those in Fig. 1(b). However, this feature
cannot be captured by the SHD modes.
To summarize, the SVD modes incorporate the spatial
radiation feature/directivity of the loudspeaker array while SHD
modes depend only on the orthogonal decomposition of the 2D
sound field in polar coordinates. Thus, the SHDMD method
favors a concentric sound zone within a uniform circular loud-
speaker array while the SVDMD modes generalize to any sys-
tem geometry. For the particular system geometries favored by
the SHDMD method, the SVDMD method parameterizes the
acoustic transfer functions with almost the same efficiency as
the SHDMD method, because the modes similar to the first
order spatial harmonics are applied in the SVDMDmethod.
III. SOUND ZONE REPRODUCTION
A. Theory
In the SHDMD method, a global sound field (including
all the controlled sound zones) is defined in the horizontal
plane. It has a radius R0 and its center is denoted by O0. The
SHDMD method for personal audio filter design has two
stages (Wu and Abhayapala, 2011). The first stage translates
the reproduction of multiple desired sound zones into the
reproduction of a desired global sound field using the har-
monic translation theorem. In the second stage, the global
sound field produced by the loudspeakers is made to be close
to the desired one by matching the coefficients of the produced
and desired sound field expressed in the wave-based modal
domain. For 2.5 dimensional multizone reproduction, cylindri-
cal harmonics are used in the first stage to design the desired
global sound field coefficients, while spherical harmonics are
used in the second stage to represent the reproduced sound
field. The weighted mode matching (Zhang et al., 2018) is
applied in the second stage to deal with the dimensionality
mismatch between the 2D desired sound field and 3D sources.
In the first stage of the SHDMD method, the optimized
global sound field coefficients are obtained as (Zhang et al.,
2018)
kSHD ¼ THLTL þ bTHQTQ þ d1I2N0þ1
 1
THLaL; (3)
where TL and TQ are the ð2Nq þ 1Þ  ð2N0 þ 1Þ matrices
representing the translations of coefficients from the local
domains to the global domain, N0 ¼ dekR0=2e is the trunca-
tion order of the global region with a radius of R0, ðÞH
denotes complex conjugate matrix transpose, b determines
the trade-off between the reproduction accuracy in the lis-
tening zone and the acoustic contrast between zones, d1 is
the regularization parameter, I2N0þ1 is a ð2N0 þ 1Þ order
square identity matrix, and aL are the local cylindrical har-
monic coefficients parameterized from the desired sound
pressure distribution Pdes at the control points in the listening
zone. The (mþNqþ1)th row and the (m0þN0þ1)th column
element of Tq (q denoting L or Q) is Jm0-m(krq)e
j(m0-m)/q,
given x ¼ xq þ Oq and Oq ¼ (rq, /q) in the global coordi-
nates. It is derived from the harmonic translation theorem
that
Jm0 kr
0ð Þejm0/0 ¼
XNq
m¼Nq
Jm0m krqð Þej m0mð Þ/qJm krð Þejm/:
(4)
In the second stage, the loudspeaker weights are calcu-
lated by mode matching, as (Zhang et al., 2018)
wSHD ¼ CHWCþ d2I2N0þ1
 1
CHXkSHD; (5)
where C is the acoustic transfer function coefficient matrix
parameterized by SHD, W is a ð2N0 þ 1Þ2 order square
weighting matrix for better control over the zone, X is a
ðN0 þ 1Þ2  ðN0 þ 1Þ weighting matrix to deal with the
dimensionality mismatch between the 2D desired sound
field and 3D sources, and d2 is the regularization parameter
to avoid ill-conditioning and increase robustness against
perturbations in C.
In the SVDMD method, GL and GQ are M  L transfer
function matrices defining the listening and the quiet zones,
respectively. They are decomposed using Eq. (2), then the
columns of UL and UQ are, respectively, the modes of the
listening zone space and the quiet zone space, the columns
of VL and VQ are, respectively, the modes of the loud-
speaker space corresponding to the listening zone and the
quiet zone, and the values of the diagonal elements in RL
and RQ represent the amount of amplification or attenuation
that the modes undergo for the transformation GL and GQ.
The coefficients of the loudspeaker-space modes are
obtained by (Zhu et al., 2019)
kSVD ¼ ðRL þ bRQÞ1RHLUHLPdes; (6)
where the spatial correlation matrices of the listening
zone and the quiet zone are defined as RL ¼ RHLRL þ dLIL
and RQ ¼ CRHQRQCH þ dQIL with the regularization
parameters dQ and dL determined by the additive error
model based regularization (Zhu et al., 2017b), C is an L
order square unitary transfer matrix with VQ ¼ VLC, and
IL is a L order identity matrix. The loudspeaker weights are
calculated by
wSVD ¼ VLkSVD: (7)
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B. Comparison
Figure 2 shows a flowchart representation of the two
methods. Both approaches represent the local sound zone
with local modes, transform the local mode coefficients to
the global ones, solve the personal audio optimization using
the coefficients of the global modes (kSHD or kSVD), and
finally translate those coefficients to the loudspeaker
weights (wSHD or wSVD).
The parameterizations of the acoustic transfer functions
using SHD or SVD can be obtained through measurements
or acoustic modeling (Betlehem and Abhayapala, 2005;
Zhu et al., 2017a). As denoted in Fig. 2, the SHD parame-
terization C of the acoustic transfer functions over a global
region is input to the SHDMD method and the transfer func-
tion matrices GL and GQ are input to the SVDMD method.
However, as shown in Fig. 2, the transfer functions are
accounted for at the first stage in the SVDMD, while they
are accounted for at the final stage in SHDMD. In practice,
with the availability of C, GL; and GQ can be estimated by
the SHD based sound field expression in Eq. (1); or, with
the availability of GL and GQ, the local coefficients can be
calculated, then C can be derived by the spatial harmonic
coefficient translation (Wu and Abhayapala, 2011).
Therefore, the SVDMD method does not necessarily require
more prior information or measurements about the acoustic
transfer functions than the SHDMD method.
Modal domain processing can reduce the number of
transfer function measurements required for personal sound
zone reproduction. The original least squares based method
(Poletti, 2008) requires a large number of sampling points
over a grid covering the zone with no more than half wave-
length spacing, which increases with frequency. However,
the correlation and similarity between measured values
increase at low frequencies, leading to ill-conditioned trans-
fer function matrices. Detailed higher-order information at
low frequencies is therefore redundant and masked by the
necessary regularization in personal audio algorithms (Zhu
et al., 2017a). Both the SHDMD and SVDMD methods are
orthogonal decomposition of the local sound field(s) in the
modal domains, but the SHD modes do not account for the
loudspeaker positions. This difference between SHD and
SVD leads to the difference in the required number of mea-
surements in acoustic transfer function parameterization.
The SHDMD method uses the spatial harmonic expan-
sion to partially avoid measurement data redundancy with
increased frequency and replace grid samples with a few
boundary samples. The 3D global region generated by each
loudspeaker is modeled in practice from the measured sound
pressure samples over the spherical boundary of the global
region, and the required sampling is determined by the trun-
cated order N0 ¼ dekR0=2e for a practical approximation. The
required order of the global region increases with wavenumber
k and size of the global region R0. The required number of
samples over a spherical (or circular) region are separately
proportional to k2R0
2 (or kR0) by the SHDMD method and
k3R0
3 (or k2R0
2) by the original least squares based method.
Thus, the SHDMD method requires fewer samples than the
original least squares based method for the same region.
However, the SHDMD approach does not take into account
the geometry information of the loudspeaker array. While for
a circular (or spherical) geometry, the number of the truncated
SHD modes is the minimal number of sound field samples to
parameterize the reproduced sound field at the zones effi-
ciently, it can be excessive for the geometry with loudspeakers
partially distributed over the boundary.
In contrast to the SHD modes, the SVD modes depend
on the physical geometry of the system. The basis functions
in the SVDMD method are derived from the measured data
and serve as an estimation of the basis functions for the
reproducible sound field. The SVD modes maintain the spa-
tial directivity due to the given geometry of the loudspeaker
array and the zones. Besides, the radiation efficiency of
each mode is proportional to its singular value, which
decreases with increased order, so the radiation efficiency
of the SVD modes decreases as the mode order increases
(Tao and Qiu, 2009). With decreasing spatial coverage of
FIG. 2. (Color online) Flowchart for comparing the SHDMD and the SVDMD methods. The listening and the quiet zone optimizations in the SHD domain
(Zhang et al., 2016) are separately ‹ min jjTLkSHD  aLjj22 and › min jjTQkSHDjj22, while the listening and the quiet zone optimizations in the SVD domain
(Zhu et al., 2019) are separately fi min jjRLkSHD  UHLPdesjj22 and fl min jjRQCHkSHDjj22. jjjj Denotes Euclidean norm. C is the measured input of the
SHDMD method, while GL and GQ are the measured inputs of the SVDMD method.
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the loudspeaker array or increasing distance between the
loudspeaker array and the zones, the reproducible sound ori-
entation of the loudspeaker array towards the controlled
region narrows, so the system becomes not ideal for the
SHDMD method, but the SVDMD method can adapt to the
loudspeaker array and sound zone configuration and param-
eterize the reproducible sound field effectively with higher
spatial resolution.
Compared to the SHD method, the SVD method allows
a smaller number of modes for a satisfactory sound field
parameterization, which requires fewer transfer function
measurements. Therefore, the SVDMD method is more
geometrically flexible and has better compactness in the
modal expression of the specific sound zones. A comparison
of the required density of sound field samples by the SHD
and SVD methods will be illustrated in Sec. IVC.
IV. EFFECTS OF SYSTEM GEOMETRY
A. Method
The performances of the SHDMD and the SVDMD
methods are compared with simulations for two-zone repro-
duction under the four system geometries illustrated in
Fig. 3. Two different layouts of loudspeakers are compared,
one is a 60-unit circular array, and the other is a five-unit
arc-shaped array. The loudspeakers are assumed to be 3D
monopoles distributed uniformly with angle spacing of 6
and a radius of 1.68m. The circular array fully covers the
2D horizontal space enclosing the listening zone and the
quiet zone. As an example of practical applications with a
limited number of loudspeakers, the arc-shaped array with
fewer loudspeakers only partially covers the 2D space.
Two different layouts of the listening and quiet zones
are compared. They are the zones around the center of the
circular array in Fig. 3(a) and in the near field of the arc-
shaped array in Fig. 3(b). The radius of each controlled
zone is 0.15m. The listening and quiet zones around the
center of the circular array are centered at (0.50, 0.00) m
and (0.50, 0.00) m, respectively, while the listening and
quiet zones in the near field of the arc-shaped array are cen-
tered at (0.00, 0.80) m and (1.00, 0.80) m, respectively.
The global region in the SHDMD method is centered at
(0.00, 0.00) m with a radius of R0 ¼ 1.60m and covers the
around center and off-center sound zones. These four con-
figurations are used to demonstrate the performance degra-
dations of the SHDMD method compared to the SVDMD
method, which is caused by the inadequate distribution of
loudspeakers and the off-center locations of sound zones.
The simulation applies a theoretical expression of the
3D monopoles to implement the SHDMD method. It is
equivalent to parameterize the acoustic transfer functions
from the measurement at no less than 83 (¼2 41þ 1) uni-
form samples over the circular boundary of the global
region because the truncation order of the global region is
N0 ¼ dekR0=2e ¼ 41. The required number of samples for a
global region should be no less than the sum of the samples
required for each local region. The SVDMD method uses
20 samples, with each sound zone uniformly sampled by 10
controlled points on its circular boundary. The desired
sound field in the listening zone is set as a plane wave at
1 kHz with a direction of 163, as illustrated with a green
arrow in Figs. 3(a) and 3(b). It is in the direction from the
center loudspeaker of the arc-shaped array at (0.00, 1.68) m
to the center of the listening zone at (0.50, 0.00) m. The
trade-off parameter b is set as 1 to equally pursue acoustic
contrast and reproduction accuracy in the listening zone.
The performance of the SHDMD and the SVDMD
methods are evaluated with the perturbations added to the
spatial responses, for which the error has a multiplicative
FIG. 3. (Color online) Four typical system geometries for performance
comparison of the SHDMD and the SVDMD methods. The system geome-
tries include personal sound reproduction separately using the arc-shaped
or circular loudspeaker array for the quiet zone (left circle) and the listen-
ing zone (right circle) around the center of the circular array (a) or in the
near field of the arc-shaped array (b).
166 J. Acoust. Soc. Am. 147 (1), January 2020 Zhu et al.
https://doi.org/10.1121/10.0000474
form with Gaussian distribution between 3 and þ3 dB in
magnitude a and uniform distribution between 10 and
þ10 in phase /. The mth row and lth column element of
the transfer function matrix with perturbation is
~G m;lð Þ ¼ aG m;lð Þej/: (8)
Samples of ~GL and ~GQ are drawn from these distributions
for Monte-Carlo trials. The acoustic contrast (AC), least
squares error (LSE), and array effort (AE) metrics are used
to evaluate the personal audio reproduction performance,
which are defined as
AC dBð Þ ¼ 20 log 10 k
~GLwk
k ~GQwk
; (9)
LSE dBð Þ ¼ 20 log 10 k
~GLw Pdes;evalk
kPdes;evalk ; (10)
AE dBð Þ ¼ 20 log 10 kwkjw0j ; (11)
where Pdes;eval represents the desired sound pressure at the
samples over the listening zone, w0 is the input signal
required to drive the loudspeaker at (0.00,1.68) m so that
the mean square pressure in the listening zone is the same
as that when the array is driven by w and j*j is the operator
of absolute value. These metrics are evaluated by 709 grid
samples with 0.01m spacing over each controlled zone. The
mean AC and mean LSE averaged over 100 Monte-Carlo
trials describe the performance of the system with robust-
ness, and a low AE value refers to reproduction with high
energy efficiency.
The regularization in the SHDMD method applies
d1 ¼ 0:1 and d2 ¼ r=100, where r is the maximal singular
value of the CHWC. The regularization parameters dL and
dQ for the SVDMD method are set in the same way as in
our previous work (Zhu et al., 2017b). Specifically, to
make the assumed additive error set contain the real multipli-
cative error set, AEQ adopts amax¼max(G) amax,ME, where
max(G) is the maximum among all the transfer functions in
G, and amax;ME ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
l2  2 cosð/maxÞlþ 1
p
with l ¼ 103=20,
/max ¼ 108.
B. Results
The sound fields at 1 kHz reproduced by the SHDMD
and the SVDMD methods under free field conditions sepa-
rately using the circular and arc-shaped arrays, under two
controlled zone settings, are presented in Fig. 4 with the
corresponding mean AC, mean LSE and AE performances
presented in Table I. It can be observed that under the sys-
tem geometry with a circular array and zones around the
center, the AC performance of the SVDMD method is simi-
lar to that of the SHDMD method, with 0.8 dB advantage.
This is because, as mentioned in Sec. II, the controlled
modes in the SVDMD method (using uniform sampling
over the circular boundary of each controlled zone) are
almost equivalent to those truncated SHD modes in the
SHDMD method under this geometry.
For the zones around the centre, the LSE performance
of the SHDMD method is 12.6 dB worse than the SVDMD
method. This is related to the definition of the global sound
field. Reducing the radius of the global region to 0.75m to
tightly surround two controlled zones, the mean LSE of the
SHDMD method increased to 15.6 dB with a mean AC of
25.3 dB. In this case, the mean AC and mean LSE degrada-
tions of the SHDMD method compared to the SVDMD
method are reduced to 0.6 and 3.8 dB.
FIG. 4. (Color online) The real part of the sound field at 1 kHz reproduced
by the SHDMD and the SVDMD methods separately using the circular
array and the arc-shaped array, under two controlled zone settings: around
the center of the circular array (a) or in the near field of the arc-shaped array
(b). The global region in the SHDMD method is centered at (0.00, 0.00) m
with a radius of 1.60m, to cover the controlled zones in both settings.
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Both the SHDMD and SVDMD methods are affected
by the system geometry. For example, the arc-shaped array
might be preferred for practical applications over the circu-
lar array when the number of loudspeakers is limited. This
reduction of system geometry leads to a 2.1 dB mean AC
degradation and 1.6 dB mean LSE improvement over the
initial geometry with 60 loudspeakers when using the
SVDMD method with zones around the center. However,
the performance of the SHDMD method deteriorates signifi-
cantly by the reduction of the loudspeaker number, with
11.1 dB mean AC and 3.1 dB mean LSE performance deg-
radation compared with the initial geometry.
When the listening zone is located close to the arc-
shaped array, the performance of the SVDMD method with
the arc-shaped array is still acceptable with mean AC above
20.0 dB and mean LSE below 15.0 dB. With the increased
reproduction capability of local sound orientations due to
the adjusted listening zone position, the SHDMD method
has 2.0 dB mean AC and 1.7 dB mean LSE improvement
when using the arc-shaped array; however, they are still
4.5 dB lower in mean AC and 10.1 dB higher in mean LSE
than that of the SVDMD method.
These findings also hold for swapped listening and
quiet zones. If the system geometry becomes non-ideal for
the reproduction, the performance of both methods suffers.
The non-ideal system geometry can be the cases that the
quiet zone is closer to the loudspeakers than the listening
zone or the desired sound direction throughout the listening
zone is not in favor of the system geometry. The SHDMD
method can be further affected by the mismatch between
the system geometry and the inherent geometric preference
of the SHDMD method, making its performance worse than
that of the SVDMD method.
The previous simulations only presented the perfor-
mance at 1 kHz. The performance over 36 frequencies
between 100 and 3600Hz is presented in Fig. 5. The esti-
mated aliasing frequencies (Winter et al., 2019) are 2.7 and
2.0 kHz for the configurations with zone around the center
and in the near field, respectively. The general trend is that
each predefined system can produce satisfactory results at
frequencies below the corresponding aliasing frequency,
while the performance decreases significantly at higher
frequencies.
Below the aliasing frequency, the findings observed at
1000Hz are generally maintained. Specifically, when using
the arc-shaped array, the SVDMD method has a distinct
advantage in the mean AC performance than the SHDMD
method and performs close to that with the circular array
except for low frequencies below 0.8 kHz. The AC perfor-
mance of the SVDMD method using the circular array suf-
fers at the frequencies around 873, 1379, and 1854Hz
because one of the major modes generated by the circular
FIG. 5. (Color online) The mean acoustic contrast (AC), mean least square error (LSE) and array effort (AE) performance of the SHDMD and the SVDMD
methods separately using the circular array (“CIR”) and the arc-shaped array (“ARC”), under two controlled zone settings over 0.1–3.6 kHz.
TABLE I. The mean AC, mean LSE and AE performances (dB) of the SHDMD and the SVDMD methods under four typical system geometries at 1 kHz.
[The SHDMD method applies a global region centered at (0.00, 0.00) m with a radius of 1.60m, to cover the controlled zones in center and off-center
settings.]
Geometry Zones around the center Zones in the near field
Circular array Arc-shaped array Circular array Arc-shaped array
Method SHDMD SVDMD SHDMD SVDMD SHDMD SVDMD SHDMD SVDMD
Mean AC 25.1 25.9 14.0 23.8 24.0 24.2 16.0 20.5
Mean LSE 6.8 19.4 3.7 21.0 10.1 14.6 5.4 15.5
AE 8.6 9.1 6.8 6.6 6.3 7.1 5.6 3.0
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array is inactive at the boundary samples due to the zeros of
the cylindrical Bessel functions [J0ðkrqÞ, J61ðkrqÞ and
J62ðkrqÞ, respectively] (Fazi and Nelson, 2012), and the
SVDMD method fails to take these modes into account.
The SVDMD method has a better overall LSE performance
than the SHDMD method for the circular array below 0.7 kHz
and the arc-shaped array above 0.8 kHz. The SVDMD
method suffers less ill-conditioning at low frequencies as
shown by the AE performance over low frequencies below
0.6 kHz.
Figure 6 shows the AC and AE performance of the
SHDMD and the SVDMD methods evaluated with the sound
zones defined in Fig. 3(a) and various loudspeaker array con-
figurations in terms of different numbers of loudspeakers and
different spacings. The anti-diagonal elements in each sub-
figure correspond to the full spatial coverage circular arrays
with different numbers of loudspeakers. The upper triangular
elements correspond to the arc-shaped arrays with different
coverage of the 2D space. The lower triangular elements are
not available, and their performance is set to 0 dB. Though
the two methods perform closely when using a circular array
with 30 loudspeakers, the SHDMD method is slightly worse
than the SVDMD method when using a circular array with
other numbers of loudspeakers. When using the arc-shaped
arrays, the overall performance (in terms of AC and AE) of
the SHDMD method is worse than that of the SVDMD
method.
C. Discussions
The loudspeaker weights used for reproduction are
obtained from the received values of the samples over the
boundary of the controlled circular zones. An efficient
implementation with a minimal number of boundary sam-
ples is desirable for practical applications. The required
number of samples in each controlled zone is related to the
upper frequency limit. To avoid the aliasing effects illus-
trated in Fig. 5, the upper limit frequency of the system can
be set as 2 kHz. Figure 7 presents the performance of the
SVDMD method at 2 kHz which employs different numbers
of uniformly distributed boundary samples of each con-
trolled zone. The truncation order is Nq ¼ dpeRq=ke ¼ 8,
which depends on the ratio of the radius of zone Rq and the
wavelength k¼ c/f. The degree of freedom of each sound
zone generated by the circular array is 2Nqþ1¼ 17. This is
the minimal number of boundary samples required by the
SHDMD method for each controlled zone.
It is shown in Fig. 7 that the SVDMD method using the
circular array results in optimized and stable performance
when the number of samples reaches 17. Generated by the
arc-shaped array, the degrees of freedom of each sound
FIG. 7. (Color online) The mean acoustic contrast (AC), mean least square error (LSE) and array effort (AE) performance of the SVDMD method employ-
ing different number of samples over the boundary of each controlled zone, separately using the circular array (“CIR”) and the arc-shaped array (“ARC”),
under two controlled zone settings at 2 kHz. The vertical solid line and the vertical dashed line denote that the numbers of samples are 17 and three, corre-
sponding to the degrees of freedom of each sound zone generated by the circular array and the arc-shaped array, respectively.
FIG. 6. (Color online) The acoustic contrast (AC) and array effort (AE)
performance of the SHDMD and the SVDMD methods at 1 kHz using
loudspeaker array with different spatial coverage, by varying number of
loudspeakers and spacings.
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zone is reduced to 2Nq,arc þ 1¼ 3 with Nq;arc ¼ dXeRq=ke
¼ 1, where ½X;XÞ is the angular range of the arc-shaped
array (Dickins et al., 2005). This number of degrees of free-
dom is less than five, which is the number of the loud-
speakers of the arc-shaped array. When the number of
samples reaches three, the performance of the SVDMD
method using the arc-shaped array also becomes optimized
and stable. Besides, as shown in Table II, its overall perfor-
mance is not only better than the SHDMD method with the
same arc-shaped array, but also better than the SVDMD
method using the circular array, which only controls the
first three modes generated by the circular array. Therefore,
in each controlled zone, the required number of boundary
samples by the SVDMD method is related to the degrees of
freedom of the reproduced sound zone and no more than the
number of loudspeakers. This number is less than that
required by the SHDMD method, when a few or spatially
partially distributed loudspeakers are used for sound
reproduction.
The least squares based method (Poletti, 2008) is opti-
mal in the sense that the reproduced sound pressures at the
control points are numerically optimized. It is observed in
TABLE II. The mean AC, mean LSE and AE performances (dB) of the original least squares, the SHDMD and the SVDMD methods, employing the
required number of samples, under four typical system geometries at 2 kHz.
Geometry Method Sample number
Zones around the center Zones in the near field
Mean AC Mean LSE AE Mean AC Mean LSE AE
Circular array LS 25a 24.0 18.6 6.5 14.3 9.9 3.9
SHDMD 17 21.8 2.6 5.8 6.3 3.5 3.5
SVDMD 17 22.9 8.8 6.5 10.5 7.8 3.9
Arc-shaped array LS 25a 23.1 19.1 5.8 11.1 10.9 1.5
SHDMD 17 19.8 2.5 6.3 4.2 2.6 3.0
SVDMD 3 22.9 17.8 5.8 11.9 10.7 1.1
aThe least squares method applies 5  5 grid samples, rather than the boundary samples in the SHDMD and the SVDMD methods.
FIG. 8. (Color online) The spatial distribution of the amplitude and phase of the SVD modes of the sound zone centered at (0.50, 0.00) m with a radius of
0.15m in a simulated room environment at 1 kHz. (a) The first five SVD modes reproduced by a 60-unit circular array. (b) The five SVD modes reproduced
by a five-unit arc-shaped array. The sound zone is denoted by the red circle.
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Table II that the SVDMD method has performance degra-
dation within 1.3 dB compared to the least squares based
method with the arc-shaped array. However, the SVDMD
method only employs three samples over the boundary
of each controlled zone, while the least squares method
employs 25 grid samples over each controlled zone, to
ensure that the spacing of samples is less than half a
wavelength.
In summary, with loudspeakers fully distributed over
the boundary of a space, the SHDMD and SVDMD meth-
ods perform similarly because the major modes of the
SVDMD method are almost equivalent to the SHDMD
modes; however, with spatially, partially distributed loud-
speakers, or off-center zones, the SHDMD method is not
optimal and performance is not as good as that of the
SVDMD method. This is because the SHD method applies
the basis functions of a general sound field, while the SVD
method applies the basis functions related to the reproduc-
ible sound field, which match the reproduced sound field
better. Thus, fewer samples can be used in the transfer
function measurements.
V. EFFECTS OF ROOM REFLECTIONS
The SHDMD and SVDMD methods can be extended to
more complex geometries, where room acoustics is incorpo-
rated. Following (Zhang et al., 2016), a room of size
10 9m is simulated using the image source method (Allen
and Berkley, 1979) with the image order up to five (i.e., 60
image sources) for each loudspeaker. The wall reflection
coefficients are 0.7 and a perfectly absorbing surface is
assumed for floor and ceiling. The performance is also eval-
uated over 100 Monte-Carlo trials, which leads to relatively
stable performance evaluation by observation. Other set-
tings are the same with the free-field simulation in Sec. IV.
Compared to the free-field reproduction, the effect of
reverberation leads to decreased spatial directivity of the
loudspeaker array at high frequencies (Simon-Galvez et al.,
2014). Both the SHDMD and SVDMD methods are based
on the representation of the transfer functions between loud-
speakers and the sound zones with a set of modes and their
coefficients. As presented in Sec. II, the SVD modes have
advantages in representing the local sound field with sound
from certain directions, which can be generated by an arc-
shaped array in the free field; while the SVD modes become
equivalent to the SHD modes when sound from all the
directions, which can be generated by a circular array in the
free field. With increasing sound reflections and reverbera-
tions, the sound field generated by a loudspeaker becomes
more diffuse. The extreme case is the diffuse field, where
sound from all the directions. Therefore, the performance
difference between the two methods becomes smaller with
increased sound reflections and reverberations.
Figure 8 shows the spatial directivity patterns of the
SVD modes, which are blurred in the reverberant room at
1 kHz. The sound fields reproduced by the SHDMD and the
SVDMD methods in the reverberant room using the circular
and arc-shaped arrays under two controlled zone settings
are presented in Fig. 9 with the corresponding mean AC,
mean LSE and AE performances presented in Table III.
With loudspeaker array capability in the spatial radiation/
directivity modified by the room condition, reduced mean
AC and mean LSE performance is observed in Table III.
Compared to that in Table I, the mean AC degradation is
within 4.8 dB and the mean LSE degradation is within
5.0 dB. However, the SVDMD method still has better over-
all performance than the SHDMD method, and maintains
acceptable performance with mean AC above 18.0 dB and
FIG. 9. (Color online) The real part of the sound field at 1 kHz reproduced
in a simulated room environment by the SHDMD and the SVDMD meth-
ods separately using the circular array and the arc-shaped array, under two
controlled zone settings: around the center of the circular array (a) or in the
near field of the arc-shaped array (b).
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mean LSE below 14.0 dB when using the arc-shaped
array. It can be noticed that, the third SVD mode in Fig.
8(b) has a totally different pattern from the free field SVD
modes in Fig. 1(c).
In terms of the required number of the boundary sam-
ples in each controlled zone, the upper limit for the SVDMD
method is determined by the minimum value between the
dimension of the reproduced sound zone and the number of
loudspeakers. As shown in Fig. 10, the SVDMD method
achieves stable performance at 2 kHz when the number of
samples reaches five and 17 using the arc-shaped array and
the circular array, respectively. In the room, the loud-
speakers and their image sources are distributed over the full
angular range and the dimension of the reproduced sound
zone is 17 at 2 kHz. When using the arc-shaped array, the
required number of the samples is five (less than 17). It is
determined by the number of loudspeakers, as only five
SVD modes are reproduced and controlled. The SVDMD
method using the arc-shaped array with five boundary sam-
ples in each controlled zone results in acceptable perfor-
mance with mean AC above 10 dB, mean LSE below
10 dB and AE below 3 dB.
Table IV shows that the SVDMD method has perfor-
mance degradation within 1.2 dB compared to the least
squares based method, when using the arc-shaped array.
However, the SVDMD method employs only five samples
over the boundary of each controlled zone while the least
squares method employs 25 grid samples over each con-
trolled zone. So the SVDMD method allows sound zone
reproduction in a reflective environment with a few loud-
speakers and a few sound zone samples.
VI. CONCLUSIONS
Based on the decomposition of acoustic transfer func-
tions through spatial harmonics or singular value functions,
two modal domain methods are compared for 2.5D personal
audio reproduction design. The SHD based method only
considers the modal decomposition of the 2D sound field
while the SVD based method applies loudspeaker-oriented
modal decomposition over the controlled sound zones. The
former approach sets the optimal global sound field distri-
bution as the priority and uses the full lower order dimen-
sionality of the sound field, while the latter optimizes
compatibility in the reproduction of the listening and quiet
zones by using the link between local modes of the listen-
ing/quiet zones and the global modes of the loudspeaker
space. The analysis and simulation results show that the
SHD based modal domain method deteriorates when only a
limited number of loudspeakers cover the controlled space
partially or sound zones are off-center. The SVD based
method has geometric flexibility of loudspeaker distribution
TABLE III. The mean AC, mean LSE and AE performances (dB) of the SHDMD and the SVDMD methods under four typical system geometries in a simu-
lated room environment at 1 kHz.
Geometry Zones around the center Zones in the near field
Circular array Arc-shaped array Circular array Arc-shaped array
Method SHDMD SVDMD SHDMD SVDMD SHDMD SVDMD SHDMD SVDMD
Mean AC 22.6 24.5 12.5 19.0 21.4 24.1 15.6 18.8
Mean LSE 6.6 16.9 3.6 16.0 9.7 13.6 5.1 214.7
AE 9.0 9.8 7.2 6.7 6.3 7.2 5.5 3.4
FIG. 10. (Color online) The performance of the SVDMD method employing different numbers of samples over the boundary of each controlled zone in a
simulated room environment, separately using the circular array(“CIR”) and the arc-shaped array (“ARC”), under two controlled zone settings at 2 kHz. The
vertical solid line and the vertical dashed line denote that the numbers of samples are 17 and five, corresponding to the degrees of freedom of each controlled
zone generated by the circular array and the arc-shaped array, respectively.
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and more compressive expression for sound reproduction
with a few loudspeakers. Thus, the SVD based modal
domain method is relevant for applications with flexible
system geometries and a small number of loudspeakers,
while still providing the benefits of a modal-domain optimi-
zation by reducing the number of acoustic measurements
required. Future work includes experimental validation and
the investigation on the number and distribution of the
sound zone samples required to accurately parameterize the
acoustic transfer functions in the SVD based modal domain.
The uniform circular sampling is used in this paper to pre-
sent the relationship between SHD and SVD; however,
other samplings might be desired in practical applications.
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required number of samples, under four typical system geometries at 2 kHz in a simulated room environment.
Geometry Method Sample number
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aThe least squares method applies 5  5 grid samples, rather than the boundary samples in the SHDMD and the SVDMD methods.
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